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In the present note we study the Armendariz property on ideals
of rings, introducing a new concept which uniﬁes the Armendariz
property and the insertion-of-factors-property (simply, IFP) for
rings. In relation with this work, we investigate rings over which
polynomial rings are IFP, called strongly IFP rings, which generalize
both ideal-Armendariz rings and strongly reversible rings. The
classes of minimal noncommutative ideal-Armendariz rings and
strongly IFP rings, and the classes of minimal non-Abelian ideal-
Armendariz rings and strongly IFP rings are completely determined,
up to isomorphism. It is also shown that a local ring is Armendariz,
symmetric, and strongly reversible (hence ideal-Armendariz) when
the cardinality of the Jacobson radical is 4.
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1. Introduction
Throughout this paper every ring is an associative ring with identity unless otherwise stated. Given
a ring R the polynomial ring with an indeterminate x over R is denoted by R[x]. For any polynomial
f (x), let C f (x) denote the set of all coeﬃcients of f (x). Denote the n by n full matrix ring over
R by Matn(R) and the n by n upper triangular matrix ring over R by Un(R). Use ei j to denote the
matrix with (i, j)-entry 1 and elsewhere 0. Denote {a ∈ Un(R) | the diagonal entries of a are all equal}
by Dn(R). Zn denotes the ring of integers modulo n. GF(pn) denotes the Galois ﬁeld of order pn . J (R)
denotes the Jacobson radical of R . |S| denotes the cardinality of given a set S . R+ means the additive
Abelian group (R,+).
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Cohn [5] called a ring R (possibly without identity) reversible if ab = 0 implies ba = 0 for a,b ∈ R .
Following Bell [3], a right (or left) ideal I of a ring R is said to have the insertion-of-factors-property
(simply, IFP) if ab ∈ I implies aRb ⊆ I for a,b ∈ R . A ring R (possibly without identity) is called IFP if
the zero ideal of R has the IFP. Shin [28] used the term SI for the IFP, while Narbonne [25] called IFP
rings semicommutative. Subrings of IFP rings are IFP obviously. Note that a ring R is IFP if and only if
any right annihilator is an ideal if and only if any left annihilator is an ideal [28, Lemma 1.2]. A simple
computation gives that reduced rings are reversible and reversible rings are IFP, but each converse
need not hold. A ring R (possibly without identity) is called 2-primal [4] if the prime radical of R
coincides with the set of all nilpotent elements of R . The class of 2-primal rings is also closed under
subrings by [4, Proposition 2.2]. IFP rings are 2-primal by direct computations, but not conversely in
general.
Another generalization of a reduced ring is an Armendariz ring. Rege and Chhawchharia [27] called
a ring R (possibly without identity) Armendariz if whenever any polynomials f (x), g(x) ∈ R[x] satisfy
f (x)g(x) = 0, ab = 0 for all a ∈ C f (x) and b ∈ Cg(x) . This nomenclature was used by them since it was
Armendariz [2, Lemma 1] who initially showed that a reduced ring always satisﬁes this condition.
A ring (possibly without identity) is called Abelian if every idempotent in it is central. It is well-
known that IFP rings and Armendariz rings are both Abelian. The zero element in nil rings is the only
idempotent and so every nil ring is Abelian. For a semiprime right Goldie ring R , R is Armendariz
if and only if R is IFP. However, the IFP ring property and the Armendariz ring property don’t imply
each other by [27, Example 3.2] and [10, Example 14].
2. Ideal-Armendariz rings
In this section we apply the Armendariz property to the lattice of ideals of rings, introducing the
concept of ideal-Armendariz rings. To do this, we start with the following proposition which is a
direct consequence of routine computations.
Proposition 2.1. A ring R is Armendariz and IFP if and only if for any polynomials f (x) and g(x) in R[x],
f (x)g(x) = 0 implies aRb = 0 for all a ∈ C f (x) and b ∈ Cg(x) .
Given a ring R , note that aRb = 0 if and only if RaRbR = 0 if and only if (RaR)(RbR) = 0 for any
a,b ∈ R . Based on this fact, we call R an ideal-Armendariz ring if R is an Armendariz and IFP ring.
Every reduced ring is ideal-Armendariz.
Remark 2.2. (1) The ideal-Armendariz property is closed under subrings and direct products by a
simple computation.
(2) For any ring R and n  2, Matn(R) and Un(R) (n  2) are not Armendariz by [27] and [14,
Example 1], and so they are not ideal-Armendariz.
(3) Let A be any ring and n  4. Then Dn(A) is not Armendariz by [14, Example 3] (hence not
ideal-Armendariz), even when R is a reduced ring. But Dn(R) is ideal-Armendariz by [14, Proposi-
tion 2] and [15, Proposition 1.2] over a reduced ring R when n 3.
(4) Let R be an Armendariz ring with center C(R). If N is a nil one-sided ideal of R , then C(R)+N
is ideal-Armendariz by [10, Corollary 9].
Concerning polynomial rings over some kinds of rings in relation with generalizations of reduced
rings, we have the following well-known results:
(1) A ring R is reduced if and only if R[x] is reduced obviously.
(2) A ring R is 2-primal if and only if R[x] is 2-primal by [4, Proposition 2.6].
(3) A ring R is Armendariz if and only if R[x] is Armendariz by [2, Theorem 2].
(4) A ring R is Abelian if and only if R[x] is Abelian by [14, Lemma 8].
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nomial rings over IFP rings need not be IFP by [10, Example 2]. However, the properties of such rings
with the Armendariz condition can be extended to their polynomial rings. In fact, for an Armendariz
ring R we have that R is reversible if and only if R[x] is reversible by [15, Proposition 2.4]; and that
R is IFP if and only if R[x] is IFP by [27, Proposition 4.6]. These yield the following.
Proposition 2.3. A ring R is ideal-Armendariz if and only if R[x] is ideal-Armendariz.
In [32, Deﬁnition 2.1], a ring R is called strongly reversible if whenever polynomials f (x), g(x) in
R[x] satisfy f (x)g(x) = 0 then g(x) f (x) = 0. Commutative rings are clearly strongly reversible. As a
generalization of strongly reversible rings and ideal-Armendariz rings, a ring R will be called strongly
IFP if R[x] is IFP, equivalently, whenever polynomials f (x), g(x) in R[x] satisfy f (x)g(x) = 0, then
f (x)Rg(x) = 0.
Remark 2.4. (1) The class of strongly IFP rings is closed under subrings and direct products by a
simple computation.
(2) Reduced rings are strongly IFP, but there exists a reversible ring which is not strongly IFP by
[15, Example 2.1]. Strongly IFP rings are obviously IFP, but not conversely by [10, Example 2], and any
ideal-Armendariz ring is strongly IFP by [27, Proposition 4.6] and there exists a commutative (and so
strongly IFP) ring which is not Armendariz by [27, Example 3.2].
(3) Strongly reversible rings are clearly strongly IFP, but the converse does not hold: Indeed, for a
reduced ring R , D3(R) is ideal-Armendariz by Remark 2.2(3), and so it is strongly IFP. However D3(R)
is not reversible by [15, Example 1.5] and hence not strongly reversible.
Note. It is well-known that the following conditions are equivalent for a semiprime ring R .
(1) R is reduced; (2) R is strongly reversible; (3) R is reversible; (4) R is ideal-Armendariz; (5) R
is strongly IFP; (6) R is IFP; and (7) R is 2-primal.
Recall that R is called local if R/ J (R) is a division ring, R is called semilocal if R/ J (R) is semisimple
Artinian, and R is called semiperfect if R is semilocal and idempotents can be lifted modulo J (R). Local
rings are Abelian and semilocal.
Lemma 2.5.
(1) Let Rλ (λ ∈ Λ) be rings. The following are equivalent:
(i) Rλ is (strongly) IFP for each λ ∈ Λ.
(ii) The direct product of Rλ (λ ∈ Λ) is (strongly) IFP.
(iii) The direct sum of Rλ (λ ∈ Λ) is (strongly) IFP.
(2) A ring R is IFP and semiperfect if and only if R is a ﬁnite direct sum of local IFP rings.
(3) A ring R is strongly IFP and semiperfect if and only if R is a ﬁnite direct sum of local strongly IFP rings.
Proof. (1) This is obvious by a simple computation.
(2) Suppose that R is IFP and semiperfect. Since R is semiperfect, R has a ﬁnite orthogonal set
{e1, e2, . . . , en} of local idempotents whose sum is 1 by [18, Proposition 3.7.2], say R =∑ni=1 ei R such
that each ei Rei is a local ring. Since R is IFP, R is Abelian. Thus each ei R is an ideal of R with
ei R = ei Rei . But each ei R is also an IFP ring as a subring. Conversely assume that R is a ﬁnite direct
sum of local IFP rings. Then R is semiperfect since local rings are semiperfect, and moreover R is IFP
by the result (1).
(3) This is similar to (2). 
Following Lambek [19], a ring R is called symmetric if rst = 0 implies rts = 0 for all r, s, t ∈ R .
Commutative rings are clearly symmetric. Lambek also proved that a ring R is symmetric if and only
if r1r2 · · · rn = 0, with n any positive integer, implies rσ(1)rσ(2) · · · rσ(n) = 0 for any permutation σ of
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IFP and symmetric, strongly IFP rings and the symmetric rings are all IFP. However, strongly IFP and
symmetric property for a ring do not imply each other by the following example.
Example 2.6. (1) Following [32, Example 2.1], let D be a simple domain and F = D〈a,b, c〉 be the free
algebra generated by the noncommuting indeterminates a,b, c over K . Let
I = (FaF )2 + (FbF )2 + (FcF )2 + FabcF + FbcaF + F cabF ⊂ F
and R = F/I . Then R is not symmetric but strongly reversible by [32, Example 2.1], and so R is
strongly IFP.
(2) We refer to [10, Example 2]. Let A = Z2[a0,a1,a2,b0,b1,b2, c] be the free algebra of polyno-
mials with zero constant terms in noncommuting indeterminates a0,a1,a2,b0,b1,b2, c over Z2, the
ﬁeld of integers modulo 2. Let R = (Z2 + A)/I where I is an ideal of Z2 + A generated by
a0b0,a0b1 + a1b0,a0b2 + a1b1 + a2b0,a1b2 + a2b1,a2b2,a0rb0,a2rb2,
b0a0,b0a1 + b1a0,b0a2 + b1a1 + b2a0,b1a2 + b2a1,b2a2,b0ra0,b2ra2,
(a0 + a1 + a2)r(b0 + b1 + b2), (b0 + b1 + b2)r(a0 + a1 + a2), and r1r2r3r4,
for r, r1, r2, r3, r4 ∈ A. Then R is neither strongly IFP nor reversible by [15, Example 2.1], but symmet-
ric by [32, Example 2.2].
In the following we examine some rings which are Armendariz, symmetric, and strongly IFP.
Lemma 2.7. Let R be a ring and N be a nil ideal of R. If |N| = 4 then N is a commutative (hence symmetric
and strongly reversible) Armendariz ring without identity such that N3 = 0.
Proof. Suppose |N| = 4. Then N is nilpotent by [11, Proposition 2.13] since N ⊆ J (R).
Let N+ be cyclic and say N = {0,a,2a,3a}. Then N is commutative clearly. We will show a3 = 0
(if and only if N3 = 0). If a2 = 0 then N2 = 0. Suppose a2 = 0. Then a = a2 since a is a nonzero
nilpotent element. By way of contradiction assume a3 = 0. If a3 = a then (a2)2 = a4 = a2, impossible
since a2 is a nonzero nilpotent element. If a3 = a2 then a2 = a3 = a4 and so we also get (a2)2 =
a4 = a2, impossible. This yields {0,a,a2,a3} = {0,a,2a,3a}, entailing that either a2 = 2a,a3 = 3a or
a2 = 3a,a3 = 2a. If a4 = 0 then a4 = a,a4 = a2 or a4 = a3. The cases of a4 = a2 and a4 = a3 are
impossible by the argument above, entailing a4 = a. Then ak = a,ak = a2 or ak = a3 for all k  1, and
so this implies that Nk = 0 for all k  1, a contradiction. Thus a4 = 0. Now if a2 = 2a,a3 = 3a then
0 = a6 = (a3)2 = (3a)2 = 9a2 = a2, a contradiction. If a2 = 3a,a3 = 2a then 0 = a4 = (a2)2 = (3a)2 =
9a2 = a2, a contradiction. Thus we must have a3 = 0, entailing N3 = 0.
We will show that N is Armendariz. Suppose that 0 = f (x), 0 = g(x) ∈ N[x] such that f (x)g(x) = 0.
f (x) and g(x) can be rewritten by f (x) = af1(x) and g(x) = ag1(x) for some 0 = f1(x), 0 = g1(x) ∈
Z4[x]. But Z4 is Armendariz by [27, Proposition 2.1], and so αβ = 0 for all α ∈ C f (x) and β ∈ Cg(x) .
Thus N is Armendariz.
Next let N+ be noncyclic. Then, by [16, Theorem 2.3.3], there is a basis {a,b} for N such that
2a = 0 = 2b and one of the following holds: (i) a2 = b2 = ab = ba = 0 and (ii) a2 = b, a3 = 0. Thus
N is a commutative ring with N3 = 0. We will show that N is Armendariz. Suppose that 0 = f (x),
0 = g(x) ∈ N[x] such that f (x)g(x) = 0. If N satisﬁes the condition a2 = b2 = ab = ba = 0, then αβ = 0
for all α ∈ C f (x) and β ∈ Cg(x) . Assume that the condition a2 = b,a3 = 0 holds. Then f (x) and g(x) can
be rewritten by f (x) = as f1(x) and g(x) = at g1(x) for some 1  s, t  2 and 0 = f1(x), 0 = g1(x) ∈
{0,1,1+ a,a}[x], where 1 ∈ Z2. It then follows that f1(x)g1(x) cannot be zero, and so we must have
s + t  3. This yields that αβ = 0 for all α ∈ C f (x) and β ∈ Cg(x) . Thus N is Armendariz. 
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R1 =
(0 Z2 Z2
0 0 0
0 0 0
)
⊂ D3(Z2), R2 =
{(0 b c
0 0 b
0 0 0
)
∈ D3(Z2)
}
, and R3 = 2Z8.
Then they are commutative rings such that R21 = 0, R32 = 0, and R33 = 0, noting that R22 = 0, and
R23 = 0.
Theorem 2.8.
(1) Let R be a local ring with | J (R)| = 4. Then R is Armendariz, symmetric, and strongly reversible (hence
strongly IFP).
(2) Let R be a local ring with |R| = 8 and | J (R)| = 4. Then R is commutative (hence symmetric and strongly
reversible) and Armendariz.
Proof. (1) Suppose | J (R)| = 4. Then J (R) is nilpotent by [11, Proposition 2.13], and so Lemma 2.7
implies that J (R)3 = 0 and J (R) is commutative.
We ﬁrst show that R is symmetric. Let x, y, z ∈ R such that xyz = 0. Then at least one element in
{x, y, z} must be contained in J (R).
If x, y, z ∈ J (R) then xzy = 0 since J (R)3 = 0 (or J (R) is commutative).
If x /∈ J (R) then x is invertible since R is local, and so yz = 0. Here if y /∈ J (R) then z = 0 and
so xzy = 0. So let y ∈ J (R). If z ∈ J (R) then zy = 0 (hence xzy = 0) since J (R) is commutative. If
z /∈ J (R) then y = 0 and so xzy = 0.
The computation for the case of z /∈ J (R) is similar to the case of x /∈ J (R).
Lastly let y /∈ J (R). If x /∈ J (R) then z ∈ J (R) and so z = 0. If z /∈ J (R) then x ∈ J (R) and so x = 0.
This yields xzy = 0 in any case. Thus let x, z ∈ J (R). Then yz ∈ J (R), and so yzx = 0 since J (R) is
commutative. But y is invertible and so zx = 0. Since J (R) is commutative, we get xz = 0 and so
xzy = 0.
We next show that R is both Armendariz and strongly reversible. Suppose that 0 = f (x), 0 =
g(x) ∈ R[x] such that f (x)g(x) = 0. f (x) and g(x) can be rewritten by f (x) = f1(x) + f2(x) and
g(x) = g1(x) + g2(x) for some f1(x), g1(x) ∈ T [x] and f2(x), g2(x) ∈ J (R)[x], where T = R\ J (R). From
f (x)g(x) = f1(x)g1(x) + f1(x)g2(x) + f2(x)g1(x) + f2(x)g2(x) = 0, we must have
f1(x)g1(x) = 0 and f1(x)g2(x) + f2(x)g1(x) + f2(x)g2(x) = 0
since T is the set of all invertible elements in R . Thus f1(x)g1(x) = 0 implies that f1(x) = 0 or
g1(x) = 0.
Suppose f1(x) = 0. Then f2(x)g1(x) + f2(x)g2(x) = 0 and so f2(x)g1(x) = − f2(x)g2(x). Note
f2(x) = 0 (since f (x) = 0). Here assume g1(x) = 0. Then g2(x) = 0 since f2(x)g1(x) = 0 implies
f2(x) = 0. Without loss of generality, we can assume that each constant term of f2(x), g1(x) and
g2(x) is nonzero. Say a0, s0, and b0, respectively. Then 0 = a0s0 = −a0b0 and so a0 = −a0b0s−10 . This
entails 0 = a0b0 = −a0b0s−10 b0 = 0 since J (R)3 = 0, a contradiction. Thus we have g1(x) = 0. Sup-
posing g1(x) = 0, we also obtain f1(x) = 0 in a similar way. Summarizing, we get to be faced with
a contradiction in any case of “ f1(x) = 0, g1(x) = 0” and “ f1(x) = 0, g1(x) = 0”. Thus we must have
f1(x) = 0 = g1(x), i.e., f (x) = f2(x) and g(x) = g2(x). This is exactly the case of N in Lemma 2.7.
Whence αβ = 0 for all α ∈ C f (x) and β ∈ Cg(x) , entailing that R is Armendariz.
Since J (R) is commutative, f (x)g(x) = f2(x)g2(x) = 0 implies g2(x) f2(x) = g(x) f (x) = 0, entailing
that R is strongly reversible.
(2) Suppose |R| = 8 and | J (R)| = 4. Then J (R) is commutative by Lemma 2.7. From |R| = 8,
R/ J (R) ∼= Z2 and R = {a,1+ a | a ∈ J (R)}; hence R is commutative. 
The following elaborates the preceding theorem.
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In fact, the IFP ring D3(R) over a reduced ring R is not symmetric by the result of [15, Example 1.5];
while Dk(A) (k 4) cannot be IFP over any ring A, but Abelian by [9, Lemma 2].
(2) Let T = D3(Z2) and R be the ring of all matrices in T of the form
(
a b c
0 a 0
0 0 a
)
. Then R is a local
ring with |R| = 8 and J (R) =
(
0 Z2 Z2
0 0 0
0 0 0
)
. This is an example of the ring described in Theorem 2.8(2).
The ring of all matrices in T of the form
(
a 0 b
0 a c
0 0 a
)
where a,b, c ∈ Z2 is also such an example.
Following Feller [6], a ring is called right (resp., left) duo if every right (resp., left) ideal is two-
sided. In [30], a ﬁnite ring is right duo if and only if it is left duo. Right or left duo rings are clearly
IFP via a simple computation, but strongly IFP rings need not be right duo as we see in the following.
Example 2.10. (1) Let A = Z2〈x, y〉, the free algebra with noncommuting indeterminates x, y over the
ﬁeld Z2. Following Xu and Xue [29, Example 7], let I be the ideal of R generated by
x3, y2, yx, x2 − xy
and R1 = A/I . We identify every element of A with its image in R1 for simplicity. Note that | J (R1)| =
|R1xR1 + R1x2R1 + R1 yR1| = |{α1x+ α2x2 + α3 y | each αi is 0¯ or 1¯}| = 8. Moreover R1 is isomorphic
to D3(Z2) through the corresponding x 
→ e12 + e23 and y 
→ e23. But R1 is neither left nor right
duo as can be seen by the one-sided ideals R1e12 and e23R1 in D3(Z2). R1 is also not symmetric by
considering the products e12e23 = e13 = 0 = e23e12 in D3(Z2). Recall that R1 is an ideal-Armendariz
ring by Remark 2.2(3).
(2) This construction is due to Xu and Xue [29, Example 7]. Let A = Z4〈x, y〉 be the free algebra
with noncommuting indeterminates x, y over the ﬁeld Z4. Let I be the ideal of A generated by
x3, y2, yx, x2 − xy, x2 − 2¯, 2¯x, 2¯y
and R2 = A/I . We identify every element of A with its image in R2 for simplicity. Note that | J (R2)| =
|R2xR2 + R2x2R2 + R2 yR2| = |{α1x+α2x2 +α3 y | each αi is 0¯ or 1¯}| = 8. R2 is IFP by [29, Example 7],
but R2 is neither left nor right duo since xy ∈ R2 y, xy /∈ yR2 = {0, y} and x2 ∈ (x− y)R2, x2 /∈ R2(x−
y) = {0, x− y}.
Next we will show that R2 is ideal-Armendariz. Let Z4[t] be the polynomial ring with an indeter-
minate t over Z4. Every element of R2 is of the form α0 +α1x+α2x2 +α3 y where every αi is taken
in {0¯, 1¯} since x2 = 2¯, 2¯x = 0, 2¯y = 0 in R2 and these αi are unique. Now let f (t), g(t) ∈ R2[t] such
that f (t)g(t) = 0. We can express f (t), g(t) by the following forms:
f (t) = f0 + f1x+ f2x2 + f3 y and g(t) = g0 + g1x+ g2x2 + g3 y
where f i, g j ∈ Z4[t] for all i, j, and every coeﬃcient of f i , g j is taken in {0¯, 1¯}, since x2 = 2¯. From
f (t)g(t) = 0, we obtain f0g0 = 0. So f0 = 0 or g0 = 0 since f i, g j ∈ {0¯, 1¯}[t] for all i, j.
Suppose f0 = 0 and g0 = 0. Then we have
f (t)g(t) = f0g1x+ ( f0g2 + f1g1 + f1g3)x2 + f0g3 y = 0
and so
f0g1 = 0, f0g2 + f1g1 + f1g3 = 0, f0g3 y = 0.
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f0g2 = 0. Thus ab = 0 for all a ∈ C f (t) and b ∈ Cg(t) .
Suppose f0 = 0 and g0 = 0. Then we obtain f (t) = 0 similarly. Thus ab = 0 for all a ∈ C f (t) and
b ∈ Cg(t) .
Suppose f0 = g0 = 0. Then we have f (t)g(t) = ( f1g1 + f1g3)x2 = 0 and so f1 = 0 or g1 = −g3.
Thus we conclude that
f (t) = f2x2 + f3 y, g(t) = g1x+ g2x2 + g3 y or
f (t) = f1x+ f2x2 + f3 y, g(t) = g1(x− y) + g2x2.
In both cases we see that ab = 0 for all a ∈ C f (t) and b ∈ Cg(t) . These conclude that R2 is Armendariz,
entailing that R2 is ideal-Armendariz.
(3) This construction is due to Xue [31, Example 2]. Note that
R3 =
{(
a b
0 a2
) ∣∣∣ a,b ∈ GF(22)}
is symmetric (hence IFP) by [8, Theorem 2.6] since R3 is a local ring with | J (R3)| = |
(
0 GF(22)
0 0
)
| = 4.
Then R is strongly IFP by Theorem 2.8(1). Note that R3 is also right duo by the computation in [31,
Example 2]. Moreover we will show that R3 is strongly IFP. Let f (x) =∑mi=0 aixi , g(x) =∑nj=0 b jx j ∈
R2[x] with f (x)g(x) = 0, where ai =
( ui vi
0 u2i
)
and b j =
(
s j t j
0 s2j
)
. f (x) and g(x) can be rewritten by
f (x) =
(∑n
i=0 uixi
∑n
i=0 vixi
0
∑n
i=0 u2i x
i
)
and g(x) =
(∑m
j=0 s jx j
∑m
j=0 t jx j
0
∑m
j=0 s2j x
j
)
.
Let f1(x) =∑ni=0 uixi , f2(x) =∑ni=0 vixi , f3(x) =∑ni=0 u2i xi and g1(x) =∑mj=0 s jx j , g2(x) =∑mj=0 t jx j ,
g3(x) = ∑mj=0 s2j x j . From f (x)g(x) = ( f1(x)g1(x) f1(x)g2(x)+ f2(x)g3(x)0 f3(x)g3(x)
)
= 0 we have f1(x)g1(x) = 0 and
f1(x)g2(x) + f2(x)g3(x) = 0; hence f1(x) = 0 (equivalently, f3(x) = 0) or g1(x) = 0 (equivalently,
g3(x) = 0). Suppose f1(x) = 0. Then f2(x)g3(x) = 0 and so we get ab = 0 for all a ∈ C f2(x) and
b ∈ Cg3(x) by [2, Lemma 1]. This yields that αβ = 0 for all α ∈ C f (x) and β ∈ Cg(x) . Suppose g1(x) = 0.
Then f1(x)g2(x) = 0 and so we get cd = 0 for all c ∈ C f1(x) and d ∈ Cg2(x) by [2, Lemma 1]. This
yields that αβ = 0 for all α ∈ C f (x) and β ∈ Cg(x) . Thus R3 is Armendariz, entailing that R3 is ideal-
Armendariz.
(4) This construction is due to Xue [31, Example 2]. Let Z4〈x, y〉 be the free algebra with noncom-
muting indeterminates x, y over Z4. Following Xue [31, Example 2], let R4 = Z4〈x, y〉/I where I is the
ideal of Z4〈x, y〉 generated by
x3, y3, yx, x2 − xy, x2 − 2, y2 − 2,2x,2y.
We identify every element of Z4〈x, y〉 with its image in R4 for simplicity. R4 is a noncommutative
right duo (hence IFP) ring with |R4| = 16 and | J (R4)| = |R4xR4 + R4x2R4 + R4 yR4| = |{α1x+ α2x2 +
α3 y | each αi is 0¯ or 1¯}| = 8 by the computation in [31, Example 2]. R4 is ideal-Armendariz by a
similar method to the computation in (2).
(5) This construction is due to Xue [31, Example 2]. Let A = Z2〈x, y〉 be the free algebra with
noncommuting indeterminates x, y over a ﬁeld Z2. Let I be the ideal of A generated by
x3, y3, yx, x2 − xy, y2 − xy
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commutative right duo (hence IFP) ring with |R5| = 16 and | J (R5)| = |R5xR5 + R5x2R5 + R5 yR5| =
|{α1x + α2x2 + α3 y | each αi is 0¯ or 1¯}| = 8 by the computation in [31, Example 2]. R5 is ideal-
Armendariz by a similar method to the computation in (2).
Xu and Xue [29, Theorem 8] proved that a minimal noncommutative IFP ring is a local ring of
order 16 and if R is such a ring then R ∼= Ri for some i ∈ {1,2,3,4,5}, where the Ri ’s are the rings
in Example 2.10. But every Ri is ideal-Armendariz (and so strongly IFP) as we see in the computation.
Therefore we obtain the following theorem for minimal noncommutative ideal-Armendariz rings.
Theorem 2.11. Let R be a ring. If R is a minimal noncommutative ideal-Armendariz ring, then R is of order 16
and is isomorphic to Ri for some i ∈ {1,2,3,4,5}, where the Ri ’s are the rings in Example 2.10.
Note that every ideal-Armendariz ring is strongly IFP and so we get the following by Theorem 2.11.
Corollary 2.12. Let R be a ring. Then R is a minimal noncommutative ideal-Armendariz ring if and only if R is
a minimal noncommutative strongly IFP ring if and only if R is a minimal noncommutative IFP ring.
Recall that an IFP ring with identity is Abelian, but the following example shows that this is no
longer valid for the case of rings without identity.
Example 2.13. (1) Let D be a domain and R =
(
D D
0 0
)
. Let
0 = a =
(
a1 a2
0 0
)
, 0 = b =
(
b1 b2
0 0
)
∈ R.
It is easily shown that ab = 0 if and only if a1 = 0. Thus if a1 = 0 then acb = 0 for all c ∈ R . This
implies that R is IFP. However R is non-Abelian (hence nonsymmetric) as can be seen by the compu-
tation e11e12 = e12 = 0= e12e11, noting e211 = e11.
The ring
(
0 D
0 D
)
is also IFP but non-Abelian through a similar computation.
(2) Let S be any ring with identity and
R = {a ∈ Dn(S) | the diagonal entries of a are all zero}.
Then R is nilpotent (hence Abelian), but non-IFP by the same argument as [15, Example 1.3] when
n 4.
Next we study the structure of minimal ideal-Armendariz rings without identity.
Example 2.14. Let D be a domain and R1 =
(
D D
0 0
)
, R2 =
(
0 D
0 D
)
be subrings of U2(D). Then each Ri
is a non-Abelian IFP ring by Example 2.13(1). Next we will show that the Ri ’s are Armendariz. Let
0 = f (x), 0 = g(x) ∈ R1[x] with f (x)g(x) = 0. f (x) and g(x) can be expressed by the following forms:
f (x) = f1e11 + f2e12 and g(x) = g1e11 + g2e12
where f i, g j ∈ D[x] for i, j = 1,2. From f (x)g(x) = 0, we have f1g1e11 + f1g2e12 = 0 and so
f1g1 = f1g2 = 0. Then f1 = 0 or g1 = 0 since D[x] is a domain. Suppose f1 = 0. Then f (x) = f2e12
and g(x) = g1e11 + g2e12. This implies ab = 0 for all a ∈ C f (x) and b ∈ Cg(x) . Suppose g1 = 0. Then
f (x) = f1e11 + f2e12 and g(x) = g2e12 such that f (x)g(x) = f1g2e12 = 0 (i.e., f1g2 = 0). Then cd = 0
(equivalently, ce11de12 = 0) for all c ∈ C f1 and d ∈ Cg2 by [2, Lemma 1]. This yields ab = 0 for all
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ring. R2 is also a non-Abelian ideal-Armendariz ring through a similar computation.
Theorem 2.15. Let R be a ring without identity. If R is a minimal non-Abelian ideal-Armendariz ring, then R
is isomorphic to
(
Z2 Z2
0 0
)
or
(
0 Z2
0 Z2
)
.
Proof. Let R be a minimal non-Abelian ideal-Armendariz ring. Then |R| = 4 by the existence of the
non-Abelian ideal-Armendariz ring
(
Z2 Z2
0 0
)
. If R is nilpotent then R is commutative by Lemma 2.7,
a contradiction. If | J (R)| = 0 then R is also commutative by the proof of [12, Theorem 3.4], a contra-
diction. Thus we have the result of | J (R)| = 2, whence we also follow the proof [12, Theorem 3.4] to
conclude that R is isomorphic to
(
Z2 Z2
0 0
)
or
(
0 Z2
0 Z2
)
. 
Hence, we have the following by Theorem 2.15.
Corollary 2.16. Let R be a ring without identity. Then R is a minimal non-Abelian ideal-Armendariz ring if and
only if R is a minimal non-Abelian strongly IFP ring if and only if R is a minimal non-Abelian IFP ring.
3. Properties, examples, and relations
In this section we observe properties and examples of various kinds of generalizations of reduced
rings, and examine relations among those ring theoretic concepts. For a ring R and n 2, let
Vn(R) =
{
m = (mij) ∈ Dn(R)
∣∣mst =m(s+1)(t+1) for s = 1, . . . ,n − 2 and t = 2, . . . ,n − 1}.
Recall that for a ring R and an (R, R)-bimodule M , the trivial extension of R by M is the
ring T (R,M) = R ⊕ M with the usual addition and the following multiplication: (r1,m1)(r2,m2) =
(r1r2, r1m2 +m1r2). This is isomorphic to the ring of all matrices
(
r m
0 r
)
, where r ∈ R and m ∈ M and
the usual matrix operations are used.
Proposition 3.1. For a ring R, the following are equivalent:
(1) R is a reduced ring;
(2) R[x]/(xn) is an ideal-Armendariz ring, where (xn) is the ideal generated by xn for any positive integer n;
(3) Vn(R) is an ideal-Armendariz ring for any positive integer n; and
(4) The trivial extension T (R, R) of R is ideal-Armendariz.
Proof. (1) ⇒ (2) R[x]/(xn) is an Armendariz ring by [1, Theorem 5] and reversible by [15, Theo-
rem 2.5], and so it is ideal-Armendariz.
(2) ⇔ (3) Vn(R) ∼= R[x]/(xn) by [21].
(3) ⇒ (4) and (4) ⇒ (1) By Remark 2.2(1) and [20, Theorem 2.3], respectively. 
Notice that the ideal-Armendariz property is not preserved by homomorphic images as we see in
the following example. The Armendariz property is also not preserved by homomorphic images by
[27, Remark 3.3]. As a byproduct, the following shows that the homomorphic image of an IFP ring
need not be IFP.
Example 3.2. Let D be a division ring and A = D〈s, t〉 be the free algebra with noncommuting in-
determinates s and t over D . Then A is clearly a domain (hence Armendariz and IFP). Consider the
factor ring R = A/(s2), where (s2) is the ideal of A generated by s2. Let a¯ = a + (s2) for a ∈ A. Then
s¯s¯ = 0, but s¯ R¯ s¯ = 0. Thus R¯ is not IFP and so not ideal-Armendariz.
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reduced (as a ring without identity) then R is an ideal-Armendariz ring by [10, Theorems 6 and 11].
Recall that for a nonempty subset S of a ring R , we write rR(S) = {c ∈ R | Sc = 0} (resp., R(S) =
{c ∈ R | cS = 0}) which is called the right (resp., left) annihilator of S in R . A ring R is IFP if and only
if any one-sided annihilator is an ideal of R by [28, Lemma 1.2].
Proposition 3.3.
(1) Let R be an ideal-Armendariz ring. If A is any one-sided annihilator of any nonempty subset in R, then
R/A is an ideal-Armendariz ring.
(2) Let e be a central idempotent of a ring R. Then R is an ideal-Armendariz ring if and only if eR and (1−e)R
are ideal-Armendariz.
Proof. (1) Let A = rR(S) for ∅ = S ⊆ R . Then A is an ideal since R is IFP. Write R¯ = R/A and a¯ = a+ A
for a ∈ R . Suppose that f¯ (x) =∑mi=0 a¯i xi , g¯(x) =∑nj=0 b¯ j x j ∈ R¯[x] with f¯ (x)g¯(x) = 0¯. Then f (x)g(x) ∈
A, and so sf (x)g(x) = 0 for any s ∈ S . Since R is ideal-Armendariz, sai Rb j = 0 for all i, j and hence
ai Rb j ⊆ A (i.e., a¯i R¯b¯ j = 0¯). Therefore R/A is ideal-Armendariz.
The proof for the left annihilator case is similar.
(2) By Remark 2.2(1). 
For an algebra R over a commutative ring S , the Dorroh extension of R by S is the Abelian group
D = R ⊕ S with multiplication given by (r1, s1)(r2, s2) = (r1r2 + s1r2 + s2r1, s1s2), where ri ∈ R and
si ∈ S .
Theorem 3.4. Let R be an algebra over a commutative domain S, and D be the Dorroh extension of R by S.
Then R is ideal-Armendariz if and only if D is ideal-Armendariz.
Proof. It is enough to show the necessity. Note that s ∈ S is identiﬁed with s1 ∈ R and so
R = {r + s | (r, s) ∈ D}. Suppose that R is ideal-Armendariz. Let f (x) =∑mi=0(ai,bi)xi = ( f1(x), f2(x))
and g(x) =∑nj=0(c j,d j)x j = (g1(x), g2(x)) in D[x] such that f (x)g(x) = 0, where f1(x) =∑mi=0 aixi ,
f2(x) = ∑mi=0 bixi , g1(x) = ∑nj=0 c jx j and g2(x) = ∑nj=0 d jx j . Then ( f1(x)g1(x) + f1(x)g2(x) +
f2(x)g1(x), f2(x)g2(x)) = 0 and so f1(x)g1(x) + f1(x)g2(x) + f2(x)g1(x) = 0 and f2(x)g2(x) = 0. Since
S is a domain, f2(x) = 0 or g2(x) = 0.
Case 1. f2(x) = 0.
From 0 = f1(x)g1(x) + f1(x)g2(x) = f1(x)(g1(x) + g2(x)), we get ai R(c j + d j) = 0 for any i and j,
since R is ideal-Armendariz. Thus, (ai,0)(r, s)(c j,d j) = (ai(r + s)c j + ai(r + s)d j,0) = (ai(r + s)(c j +
d j),0) = 0 for all i, j and any (r, s) ∈ D , entailing that D is ideal-Armendariz.
Case 2. g2(x) = 0.
From 0 = f1(x)g1(x) + f2(x)g1(x) = ( f1(x) + f2(x))g1(x), we similarly have (ai + bi)Rc j = 0 and
thus (ai,bi)(r, s)(c j,0) = ((air + bir + ais)c j + bisc j,0) = ((ai + bi)(r + s)c j,0) = 0 for all i, j and any
(r, s) ∈ D . Hence D is ideal-Armendariz.
By Cases 1 and 2, D is ideal-Armendariz. 
Recall that an element u of a ring R is right regular if ur = 0 implies r = 0 for r ∈ R . Similarly, left
regular elements can be deﬁned. An element is regular if it is both left and right regular (i.e., not a
zero divisor).
Proposition 3.5. Let  be a multiplicatively closed subset of a ring R consisting of central regular elements.
Then R is ideal-Armendariz if and only if −1R is ideal-Armendariz.
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and G(x) =∑nj=0 β j x j be in (−1R)[x] such that F (x)G(x) = 0, where αi = u−1ai , β j = v−1b j with
ai,b j ∈ R for any i, j and regular u, v ∈ R . Since  is contained in the center of R , we have 0 =
F (x)G(x) = u−1(a0 +a1x+· · ·+amxm)v−1(b0 +b1x+· · ·+bnxn) = (uv)−1(a0 +a1x+· · ·+amxm)(b0 +
b1x + · · · + bnxn). Let f (x) = a0 + a1x + · · · + amxm and g(x) = b0 + b1x + · · · + bnxn . Then f (x) and
g(x) are in R[x] with f (x)g(x) = 0. Since R is ideal-Armendariz, ai Rbi = 0 and so ai(s−1R)b j = 0 for
any i and j and any regular element s. This implies αi(−1R)β j = 0 for any i and j, and therefore
−1R is ideal-Armendariz. 
The ring of Laurent polynomials in x, coeﬃcients in a ring R , consists of all formal sums
∑n
i=k aixi
with obvious addition and multiplication, where ai ∈ R and k,n are (possibly negative) integers with
k n. We denote this ring by R[x; x−1].
Corollary 3.6. For a ring R, the following are equivalent:
(1) R is ideal-Armendariz;
(2) R[x] is ideal-Armendariz; and
(3) R[x; x−1] is ideal-Armendariz.
Proof. (1) ⇔ (2) By Proposition 2.3. (2) ⇔ (3) This directly follows from Proposition 3.5. For, let
 = {1, x, x2, . . .}, then clearly  is a multiplicatively closed subset of R[x] of central regular elements
and R[x; x−1] = −1R[x]. 
A ring R is called right (resp., left) Ore if given a,b ∈ R with b regular there exist a1,b1 ∈ R with
b1 regular such that ab1 = ba1 (resp., b1a = a1b). It is a well-known fact that R is a right (resp.,
left) Ore ring if and only if the classical right (resp., left) quotient ring of R exists. If there exists
the classical right quotient ring Q (R) of a ring R , then a ring R is Armendariz if and only if Q (R)
is Armendariz by [10, Theorem 12]. We do not know whether Q (R) is ideal-Armendariz when R is
ideal-Armendariz. But we have the following related fact.
Remark 3.7. Suppose that a ring R is right Ore with the classical right quotient ring Q (R),
and that R is ideal-Armendariz. Then we obtain that (
∑m
i=0 aiu−1xi)(
∑n
j=0 b j v−1x j) = 0 implies
(
∑m
i=0 aixi)(
∑n
j=0 b jx j) = 0 where aiu−1,b j v−1 ∈ Q (R) for all i, j. Assume that (
∑m
i=0 aiu−1xi)×
(
∑n
j=0 b j v−1x j) = 0. Since R is Armendariz, Q (R) is also Armendariz by [10, Theorem 12], entailing
aiu−1b j v−1 = 0 for all i, j. For each j, there exist c j ∈ R and regular w ∈ R such that u−1b j = c jw−1
by [23, Proposition 2.1.16]. This yields aic jw−1 = 0 and aic j = 0. But since R is IFP, ai Rc j = 0 and
ai Ru−1b j = ai Rc jw−1 = 0. In particular we obtain aib j = aiuu−1b j = 0 for all i, j. This implies
(
∑m
i=0 aixi)(
∑n
j=0 b jx j) = 0.
Recall that R is a semiprime right Goldie ring if and only if R has a semisimple Artinian classical
right quotient ring. In this case, the concepts of Armendariz property and IFP coincide.
Proposition 3.8. Suppose that R is a semiprime right Goldie ring. Then R is ideal-Armendariz if and only if
Q (R) is ideal-Armendariz.
Proof. It follows from [10, Theorem 12]. 
Observe that Matn(R) and Un(R) (n 2) over any ring R are not IFP, considering the non-Abelian
ring U2(R) over any ring R . Thus Matn(R) and Un(R) (n 2) are not strongly IFP because each subring
of a strongly IFP ring is also strongly IFP. But we have the following.
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and Remark 2.4(3); while for any ring A and n 4, Dn(A) is not IFP by [15, Example 1.3], and so it is
not strongly IFP.
(2) For a reduced ring R and any positive integer n, R[x]/(xn)(∼= Vn(R)) is an ideal-Armendariz
ring by Proposition 3.1, and so a strongly IFP ring.
Note that for a reversible ring R , the trivial extension T (R, R) of R need not be IFP by [15, Exam-
ple 1.7] and so not strongly IFP. The trivial extension of a semiprime ring need not be semiprime.
Corollary 3.10. Let R be a semiprime ring. The following are equivalent:
(1) R is strongly IFP;
(2) The trivial extension T (R, R) of R is strongly IFP; and
(3) R[x]/(xn) is strongly IFP for any positive integer n.
Proof. By the note in Section 2, Proposition 3.1 and the fact that the class of strongly IFP rings is
closed under subrings. 
The homomorphic image of a strongly IFP ring is not so by Example 3.2: Indeed, for the ring R
and R¯ of Example 3.2, R is obviously strongly IFP, but the ring R¯ is not IFP and hence it need not be
strongly IFP.
Proposition 3.11.
(1) Let R be a strongly IFP ring. If A is the one-sided annihilator of any nonempty subset in R, then R/A is
strongly IFP.
(2) For an ideal I of a ring R such that R/I is strongly IFP, if I is a reduced ring without identity then R is
strongly IFP.
Proof. (1) Assume that A = rR(S) of a strongly IFP ring R for φ = S ⊆ R . Note that A is an ideal
since R is IFP. Let f¯ (x)g¯(x) = 0¯ with f¯ (x), g¯(x) ∈ R¯[x] where R¯ = R/A. Then S f (x)g(x) = 0, and so
S f (x)Rg(x) = 0. Thus f¯ (x)R¯ g¯(x) = 0¯, entailing that R/A is strongly IFP.
The left annihilator case is similar.
(2) Let f (x)g(x) = 0 with f (x), g(x) ∈ R[x]. Then we have f (x)Rg(x) ⊆ I[x] and g(x)I f (x) = 0, since
g(x)I f (x) ⊆ I[x], (g(x)I f (x))2 = 0 and I[x] is reduced. Thus, ( f (x)Rg(x)I)2 = f (x)Rg(x)I f (x)Rg(x)I = 0
and so f (x)Rg(x)I = 0; hence ( f (x)Rg(x))2 ⊆ f (x)Rg(x)I = 0 since f (x)Rg(x) ⊆ I[x]. Then f (x)Rg(x) =
0 since I[x] is reduced. Therefore R is strongly IFP. 
The condition “I is a reduced ring without identity” in Proposition 3.11(2) cannot be dropped by
the next example.
Example 3.12. Consider a ring R = U2(F ) where F is a ﬁeld, which is not strongly IFP. The only
nonzero proper ideals of R are I1 =
(
F F
0 0
)
, I2 =
(
0 F
0 F
)
and I3 =
(
0 F
0 0
)
. Then R/I1 and R/I2 are
isomorphic to F and R/I3 = {
(
a 0
0 c
)
+ I3 | a, c ∈ F } is a reduced ring, and hence each R/Ii (for i =
1,2,3) is strongly IFP. Notice that each Ii is not reduced.
Proposition 3.13. Let R be a subdirect sum of strongly IFP rings. Then R is strongly IFP.
Proof. Let Iγ be an ideal of R such that R¯γ = R/Iγ is strongly IFP for each γ ∈ Γ and ⋂γ∈Γ Iγ = 0.
Suppose that f (x)g(x) = 0 where f (x) =∑mi=0 aixi and g(x) =∑nj=0 b jx j ∈ R[x]. Since R¯γ is strongly
IFP for each γ ∈ Γ , f¯ (x)R¯γ g¯(x) = 0 in R¯γ [x]. Then ∑i+ j=k ai Rb j ⊆ Iγ for all 0 k m + n and any
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0 and thus R is strongly IFP. 
Theorem 3.14. A ring R is strongly IFP if and only if R[x] is strongly IFP.
Proof. It is enough to show the necessity. Suppose that R is ideal-Armendariz. Let p(y) = f0 +
f1 y + · · · + fm ym and q(y) = g0 + g1 y + · · · + gn yn ∈ (R[x])[y] with p(y)q(y) = 0. We also let
f i = ai0 + ai1x + · · · + awi xiw , g j = b j0 + b j1x + · · · + b jv x jv for each 0 i m and 0 j  n, where
ai0 , . . . ,aiw , b j0 , . . . ,b jv ∈ R. We claim that p(y)R[x]q(y) = 0. Let k =
∑m
i=0 deg( f i) +
∑n
j=0 deg(g j),
where the degree is considered as polynomials in R[x] and the degree of zero polynomial is taken
to be 0. Let p(xk) = f0 + f1xk + · · · + fmxmk and q(xk) = g0 + g1xk + · · · + gnxnk ∈ R[x]. Then the
set of coeﬃcients of the f i ’s (respectively, g j ’s) equals the set of coeﬃcients of p(xk) (respectively,
q(xk)). Since p(y)q(y) = 0, x commutes with elements of R in the polynomial ring R[x], we have
p(xk)q(xk) = 0 in R[x]. Since R is strongly IFP, we have ∑i+ j=k ali Rbs j = 0 for any 0 km + n and
all li, s j . Thus
∑
i+ j=k f i R[x]g j = 0 for all 0  k m + n, entailing that p(y)R[x]q(y) = 0 and hence
R[x] is strongly IFP. 
By a similar argument to the proof of Proposition 3.5, we have the following.
Proposition 3.15. Let  be a multiplicatively closed subset of a ring R consisting of central regular elements.
Then R is strongly IFP if and only if −1R is strongly IFP.
Proof. Suppose that R is strongly IFP. Let F (x)G(x) = 0 for F (x) = u−1 f (x) and G(x) = v−1g(x) ∈
(−1R)[x] where u, v are regular and f (x), g(x) ∈ R[x]. Then we have f (x)g(x) = 0, by the same argu-
ment in the proof of Proposition 3.5. Since R is strongly IFP, f (x)Rg(x) = 0 and so f (x)(s−1R)g(x) = 0
for any regular element s. This implies F (x)(−1R)G(x) = 0 and therefore −1R is strongly IFP. 
These results yield the following.
Corollary 3.16. For a ring R, the following are equivalent:
(1) R is strongly IFP;
(2) R[x] is strongly IFP; and
(3) R[x; x−1] is strongly IFP.
Proposition 3.17.
(1) For a central idempotent e of a ring R, R is strongly IFP if and only if eR and (1− e)R are strongly IFP.
(2) Let R be an algebra over a commutative domain S, and D be the Dorroh extension of R by S. Then R is
strongly IFP if and only if D is strongly IFP.
Proof. (1) The class of strongly IFP rings is closed under subrings and direct products.
(2) We apply the method in the proof of Theorem 3.4. Suppose that R is strongly IFP. Let
f (x) = ( f1(x), f2(x)) and g(x) = (g1(x), g2(x)) be in D[x] such that f (x)g(x) = 0. Then f1(x)g1(x) +
f1(x)g2(x) + f2(x)g1(x) = 0 and f2(x)g2(x) = 0. Since S is a domain, f2(x) = 0 or g2(x) = 0.
Let f2(x) = 0. Form 0 = f1(x)g1(x) + f1(x)g2(x) = f1(x)(g1(x) + g2(x)), we get f1(x)R(g1(x) +
g2(x)) = 0, since R is strongly IFP. Then ( f1(x),0)(r, s)(g1(x), g2(x)) = ( f1(x)(r + s)g1(x) + f1(x)(r +
s)g2(x),0) = ( f1(x)(r + s)(g1(x) + g2(x)),0) = 0 for any (r, s) ∈ D , entailing that D is strongly IFP.
If g2(x) = 0, then we can show that D is strongly IFP, by an argument similar to the above. These
arguments conclude that D is strongly IFP. 
Armendariz rings were generalized to quasi-Armendariz rings by Hirano [7]. A ring R is called
quasi-Armendariz [7] provided that aRb = 0 for all a ∈ C f (x) and b ∈ Cg(x) whenever f (x), g(x) ∈ R[x]
134 T.K. Kwak et al. / Journal of Algebra 354 (2012) 121–135satisfy f (x)R[x]g(x) = 0. Hirano showed that semiprime rings are quasi-Armendariz rings [7, Corol-
lary 3.8], but not conversely.
Proposition 3.18. Let R be a strongly IFP ring. The following are equivalent:
(1) R is ideal-Armendariz;
(2) R is Armendariz; and
(3) R is quasi-Armendariz.
Proof. (1) ⇔ (2) It is obvious that the IFP coincides with the strongly IFP for an Armendariz ring.
(2) ⇒ (3) is trivial. (3) ⇒ (2) Let R be quasi-Armendariz. If f (x)g(x) = 0 for f (x), g(x) ∈ R[x], then
f (x)R[x]g(x) = 0 by assumption. Since R is quasi-Armendariz, aRb = 0 and hence ab = 0 for all a ∈
C f (x) and b ∈ Cg(x) , entailing that R is Armendariz. 
McCoy [24] showed that if two polynomials annihilate each other over a commutative ring then
each polynomial has a nonzero annihilator in the base ring. Nielsen [26] and Rege and Chhawchharia
[27] called a noncommutative ring R right McCoy (resp., left McCoy) if whenever any nonzero polyno-
mials f (x), g(x) ∈ R[x] satisfy f (x)g(x) = 0, then f (x)c = 0 (resp., cg(x) = 0) for some nonzero c ∈ R ,
and a ring R is called McCoy if it is both left and right McCoy. Armendariz rings are McCoy but the
converse does not hold by [27, Remark 4.3]. Reversible rings are also McCoy [26, Theorem 2], but
there exists an IFP ring which is not McCoy [26, Section 3]. In [26], Nielsen posed the question: Is
there a natural class of McCoy rings, which includes all reversible rings and all rings R such that R[x]
is IFP?
Reversibility and strongly IFP do not imply each other by [15, Example 2.1] and Remark 2.4(3).
Proposition 3.19. If R is a strongly IFP ring, then R is a McCoy ring.
Proof. Let R be a strongly IFP ring. Suppose that f (x)g(x) = 0 for any nonzero polynomials
f (x), g(x) ∈ R[x]. Then f (x)Rg(x) = 0. By [7, Theorem 2.2], R is McCoy. 
The converse of Proposition 3.19 does not hold in general. For a reduced ring (and so a McCoy
ring) R , Dn(R) (n 4) is a McCoy ring by [22, Theorem 2], but not strongly IFP by Example 3.9(1).
A ring R is called (von Neumann) regular if for each a ∈ R there exists b ∈ R such that a = aba.
Corollary 3.20. Given a regular ring R the following conditions are equivalent:
(1) R is Armendariz;
(2) R is Abelian;
(3) R is strongly IFP; and
(4) R is right (left)McCoy.
Proof. (1) ⇒ (2) is obvious. (2) ⇒ (3) By the well-known fact that every Abelian regular ring is
reduced, and so ideal-Armendariz and hence strongly IFP. (3) ⇒ (1) If R is strongly IFP, then R
is ideal-Armendariz by an argument above. (3) ⇒ (4) By Proposition 3.19. (4) ⇒ (1) By [17, Theo-
rem 20]. 
The condition “R is a regular ring” cannot be weakened by “R is a semiprime ring” in Corol-
lary 3.20. For, there exists a semiprime Abelian ring which is not Armendariz by [13, Example 2.3].
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